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Question 1

At acertain height, atree trunk has acircular cross section. Theradius R(t) of that cross section grows at
arate modeled by the function
dR _ 1
dt 16
for 0 <t < 3, wheretime t ismeasured in years. Attime t = 0, the radiusis 6 centimeters. The area of
the cross section at time t isdenoted by A(t).

(3+sin(t?)) centimeters per year

(8 Write an expression, involving an integral, for theradius R(t) for 0 <t < 3. Use your expression to
find R(3).

(b) Find the rate at which the cross-sectional area A(t) isincreasing a time t = 3 years. Indicate units
of measure.

3
(c) Evauate Io A(t) dt. Using appropriate units, interpret the meaning of that integral in terms of cross-

sectional area.
t
€)] R(t)=6+f 1—16(3+sin(x2)) dx 1:integra
0 ) _ .
R(3) = 6.610 or 6.611 3. 1rexpressonfor R(t)
1:R(3)

(b) At) = 7(R(t))? 1: expression for A(t)
A(t) = 2zR(t)R(t) 3:{ 1:expressionfor A(t)
A(3) = 8.858 cm? /year 1: answer with units

(© '[ 03A'(t) dt = A(3) — A(0) = 24.200 or 24.201 1 : uses Fundamental Theorem of Calculus

3
3. | 1ivalueof [ “A(t) dt
Fromtime t = 0 to t = 3 years, the cross- ' 0 s
sectional area grows by 24.201 square 1 : meaning of J' A(t) dt
centimeters. 0

© 2009 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.



AP® CALCULUS AB
2009 SCORING GUIDELINES (Form B)

Question 2

A storm washed away sand from a beach, causing the edge of the water to get closer to anearby road. The
rate at which the distance between the road and the edge of the water was changing during the stormis

modeled by f(t) = vt + cost — 3 meters per hour, t hours after the storm began. The edge of the water
was 35 meters from the road when the storm began, and the storm lasted 5 hours. The derivative of f(t)

is £/(t) =%

(& What was the distance between the road and the edge of the water at the end of the storm?

(b) Using correct units, interpret the value f’(4) = 1.007 in terms of the distance between the road and
the edge of the water.

(c) At what time during the 5 hours of the storm was the distance between the road and the edge of the
water decreasing most rapidly? Justify your answer.

(d) After the storm, a machine pumped sand back onto the beach so that the distance between the road
and the edge of the water was growing at arate of g(p) meters per day, where p isthe number of
days since pumping began. Write an equation involving an integral expression whose solution would

give the number of days that sand must be pumped to restore the original distance between the road
and the edge of the water.

—snt.

5 1:integra
@ 35+ I o f(t) dt = 26.494 or 26.495 meters 2: { 1- Ian;?/er

(b) Four hours after the storm began, the rate of change of 5 1: interpretation of f'(4)
the distance between the road and the edge of the water "1 1: units

isincreasing at arate of 1.007 meters/ hours?.

(c) f’(t)=0 whent=0.66187 and t = 2.84038 1:considers f'(t) =0
Theminimum of f for 0 <t <5 may occur at 0, 3:< 1:answer
0.66187, 2.84038, or 5. 1: justification
f(0)=-2

f (0.66187) = —1.39760
f (2.84038) = —2.26963
f (5) = —0.48027

The distance between the road and the edge of the
water was decreasing most rapidly at time t = 2.840
hours after the storm began.

0 .

5 o [ 1:integral of g
(d) jof(t)dt—j 9(p) dp 2 {1:answer
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Question 3

2

4.3 2 10 1 2 3 4 5 6

Graph of f

A continuous function f isdefined on the closed interval —4 < x < 6. The graph of f consists of aline
segment and a curve that istangent to the x-axisat x = 3, as shown in the figure above. On the interval
0 < x < 6, thefunction f istwice differentiable, with f”(x) > O.

(@) Is f differentiableat x = 0 ? Use the definition of the derivative with one-sided limitsto justify your
answer.

(b) For how many valuesof a, -4 < a < 6, isthe average rate of change of f ontheinterval [a, 6]
equal to 0 ? Give areason for your answer.

(c) Isthereavaueof a, —4 < a < 6, for which the Mean Vaue Theorem, applied to theinterva [a, 6],

guaranteesavalue c, a < ¢ < 6, at which f’(c) = % 2 Justify your answer.

(d) Thefunction g isdefined by g(x) = Xf t) dt for —4 < x £ 6. Onwhat intervals contained in
0

[—4, 6] isthe graph of g concave up? Explain your reasoning.

@ Iimiwzé 2. {1:setsupdifferencequotientatx=0
h—0 " 1: answer with justification
. f(h)-f(0)
lim — < 0
h—0"

Since the one-sided limits do not agree, f isnot
differentiableat x = 0.

(b) w =0 when f(a) = f(6). Thereare 5. { 1: expression for average rate of change
two values of a for which thisistrue. 1: answer with reason

(c) Yes, a=3. Thefunction f isdifferentiable on the 5. 1:answers “yes’ and identifiesa = 3
interval 3 < X < 6 and continuouson 3< X < 6. | 1:justification

f6)-f(3) _1-0_1

Al =83 ~6-3"3
By the Mean Value Theorem, thereisavalue c,
3<c<6, suhthat /(c) = 3.

d g(x)=f(x), g"(x) = f'(x) 1:g(x)=f(x)
g”(x) > 0 when f’(x) >0 3: ¢ 1:considers g”(x) > 0
Thisistruefor -4 < x< 0 and 3< X< 6. 1: answer

© 2009 The College Board. All rights reserved.
Visit the College Board on the Web: www.collegeboard.com.



AP® CALCULUS AB
2009 SCORING GUIDELINES (Form B)

Question 4

Let R be the region bounded by the graphs of y = vVx and X

y = g as shown in the figure above.
2__
(@) Findtheareaof R. 4.2)
(b) Theregion R isthe base of a solid. For this solid, the
Cross sections perpendicular to the x-axis are squares. It R

Find the volume of this solid.
(c) Write, but do not evaluate, an integral expression for the

volume of the solid generated when R isrotated about O 1 2 3 4:;
the horizontal line y = 2.

4 5| x=4 1:integrand
(@) Area = j (& - 1) dx= 232X _4 3. 1: antiderivative
. 2 3 4 73 L
: answer
4 2 4 2
(b) Volume:f (\/——g) dx:J (x—x3/2+XTj dx 1: integrand
0 0 3: 4 1:antiderivative
, /2 5% 1: answer
_xX 202 3T 8
2 5 12 15
x=0
4 2 T .
(¢) Volume = 7 (2—5) —(2=Vx)? | dx 3: {1.!|m|tsandconstant
0 2 2 :integrand
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Question 5

Let f be atwice-differentiable function defined on the interval y
-1.2 < x< 3.2 with f(1) = 2. Thegraph of f’, thederivative

of f, isshown above. Thegraph of f’ crossesthe x-axis at
x=-1and x = 3 and hasahorizontal tangentat x = 2. Let g
be the function given by g(x) = e’ .

(8 Write an equation for the line tangent to the graph of g
a x=1

(b) For —1.2 < x < 3.2, find all valuesof x at which g hasa
local maximum. Justify your answer.

Graph of f”

(c) Thesecond derivativeof g is g”(x) = ef(x)[( f/(x))? + f”(x)]. Is g”(-1) positive, negative, or
zero? Justify your answer.
(d) Find the averagerate of change of g, the derivative of g, over theinterval [1, 3].

@ gn=e'®=¢ 1:g(x)
g(x)=e"™@f(x), g@) =e V(1) = -4e 3:71:9(1) and g'(1)

Thetangent lineisgivenby y = € — 4e?(x — 1). 1+ tangent line equation

() g'(x)=ePf/(x) . {1:ans/ver
ef ™ 5 0 foral x | 1:justification
So, g’ changes from positive to negative only when f’

changes from positive to negative. Thisoccursat x = -1
only. Thus, g hasalocal maximumat x = —1.

(© g"(-1) =e"V[(f(-1)* + £(-D)]
e'™>0and f(-1)=0
Since f’ isdecreasing on a neighborhood of -1,
f”(-1) < 0. Therefore, g”(-1) < 0.

5. {1:answer
" | 1:justification

’ o f(3) ¢~ _af@ g . Al ;
() g -g@d) _ef(3-e () _ o 5. {1 : difference quotient
1 1: answer
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Question 6

t

(seconds) 0 8 20 | 25 | 32 | 40

v(t) 3|5 |-10] 8|-4]|7
(meters per second)

The velocity of a particle moving along the x-axis is modeled by a differentiable function v, where the
position x ismeasured in meters, and time t is measured in seconds. Selected values of v(t) are giveninthe

table above. The particleis at position x = 7 meterswhen t = 0 seconds.

(a) Estimate the acceleration of the particleat t = 36 seconds. Show the computations that lead to your
answer. Indicate units of measure.

40
(b) Using correct units, explain the meaning of .[20 v(t) dt inthe context of this problem. Usea

40
trapezoidal sum with the three subintervalsindicated by the data in the table to approximate J' 0 v(t) dt.

(c) For 0 <t <40, must the particle change direction in any of the subintervalsindicated by the datain the
table? If so, identify the subintervals and explain your reasoning. If not, explain why not.

(d) Suppose that the acceleration of the particleis positivefor 0 < t < 8 seconds. Explain why the position
of the particle at t = 8 seconds must be greater than x = 30 meters.

1: unitsin (a) and (b)
_ _V(40)-v(32) _ 11 2 :
(@ a(36) =Vv(36) = 0-3 -8 meters/ sec 1: answer
40 . . . T . . 40
(b) .[20 v(t) dt isthe particle’s change in position in meters from time 1 : meaning of Izo v(t) dt
t = 20 secondstotime t = 40 seconds. 3: 2 : trapezoidal
approximation
0
J~4 v(t) dt ~ v(20) + v(25) 54 V(25) + v(32) 74 v(32) + v(40) 8
20 2 2 2
= —75 meters
(¢) v(8)>0and v(20) <0 2_{1:an3/ver
v(32) < 0 and v(40) > 0 | 1: explanation
Therefore, the particle changes direction in the intervals
8<t<20and 32<t < 40.
(d) Since V/(t) = a(t) > 0 for 0 <t <8, v(t) > 3 onthisinterval. 5. { 1:V(t) =a(t)
8 : . .
Therefore, x(8) = x(0) + '[Ov(t) dt >7+8-3> 30. 1 - explanation of x(8) > 30
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