APCD CALCULUS: RELATED RATES
Worksheet to Accompany Exploration, Part 1

Directions: After completing the Exploration, answer the following additional questions. The
Exploration is needed to answer some of these questions.

1. “Fill” thetanks to a“Maximum Depth” of 9. Then answer the following questions.

a) What istheratio of the volumes of tanks A and B?

b) What istheratio of the timesit takes to fill the two tanksin part (a)?

c) What istheratio of the volumes of tanks B and C?

d) What istheratio of thetimesit takesto fill the two tanksin part (c)?

e) What istheratio of the volumes of tanks C and D?

f) What istheratio of thetimesit takes to fill the two tanksin part (e)?

2. Now “Fill” thetanks to a“Maximum Depth” of 6. Then repeat parts (a) — (f) in problem 1.

3. Explain why the corresponding ratios in problem 2 differ from those in problem 1.
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4. Consider atank that isacircular cylinder with a diameter of 8 feet.
a) What isthevolumeif the tank isfilled to a depth of 9 feet?

b)

d)

How does the time required to fill this cylinder compare with the four tanks in the
Exploration?

How long would it take to fill it to a depth of 9 feet if (jj—\: =20 ft*/min ?

dh

What is e for thistank?
. dh , dh -
Why is rra for the cylinder the same as rra for al the tanks when h = 9 feet?

5. Set up anintegra for the volume of each tank in the Exploration. Y our integral should be
written in terms of dy.

6. Verify the volumes given in the Exploration by evaluating your integralsin problem 5, either
analytically or using a calculator.
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7. Complete the following for each tank. [Part (a) is the same for the four tanks.]

a) WriteaChain Rule formulafor %—\{ in terms of %

b) Usethe Fundamental Theorem of Calculus and your integrals from problem 5to find a

formulafor Z—\r/] for each tank.

¢) Find % when h = 6, using your answers from parts (a) and (b).

d) Compare your answers from part (c) with the values given in the Exploration.
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APCD CALCULUS: RELATED RATES
Worksheet to Accompany Exploration, Part 2

Directions: After completing the Exploration, answer the following additional questions.

Y ou have been asked to design another oil tank. The shape of the tank will be obtained by revolving
the graph of y = kx* about the y-axis, the depth of the tank will be 9 feet, and the diameter at the top
of the tank will be 8 feet.

1. Determinethe value of k for this tank.
2. Sketch a cross sectiona view of the tank, similar to those in the Exploration.

3. Set upanintegra for the volume of il when the tank the tank isfilled to a depth of h feet. What
is the volume of oil when thetank isfilled to a depth of 9 feet? 6 feet?

4. Usethe Fundamental Theorem of Calculus and your integral from problem 2 to find z—\r/] for

this tank.
It (jj—\:=20ft3/min,find % when h=9 andwhen h = 6.
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APCD CALCULUS: RELATED RATES
Worksheet to Accompany Exploration, Part 1

TEACHER’'SNOTESFOR WORKSHEET

Time of year to use: Students should already know how to find the volumes of solids of revolution.

This Exploration can be used as atool for introducing related rates or following the study of related
rates for review.

How to usein a one computer classroom: The class can be divided up into four groups and each

group can be assigned one of the tanks for questions 6 — 8. Then the groups can share their results
with the class.

How to usein a computer lab setting: Students can be encouraged to work through the worksheet on

their own.

Answers.

1.

a 131 b) 1.3:1 c) 151 d 151 e 171 fy 1.7:1
(Note: the difference between the ratios for volume and time for each tank are due to rounding of
the reported values in the Exploration.)

a 161 b) 1.6:1 c) 231 d 231 e 371 fy 3.7:1
(Note: the difference between the ratios for volume and time for each tank are due to rounding of
the reported values in the Exploration.)

Since the cross sections of the tanks are increasing at different rates, the ratios requested vary at
different depths of the tanks.

a) 452.4 ft3
b) It would take the longest to fill.
C) 22.6 minutes

av
o) Mo_dt _04fymin
dt 7T
dh

€) e depends only on the cross-sectional area, which is 1677 for all tanks when h=9 feet.

See the answer to the third question on the Exploration.

For each tank, V = fnxzdy

TakA:  V=[ n(l—fﬁj dy =96 77=301.593
TankB: V= f n(l—s yj dy =7277=226.195
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TankC: V= f n@—i yzj dy = 4877=150.796

144

TankD: V= fﬂ(6561 jd y="5" =90.478

6. See answersto #5.

7 g O
dt dh dt

& d e (16 167
b) Taka: V-9 (16 167
) Tan ah _dn "(3‘@‘” 3

Tank B: d_V = 167 h
dh 9
rakc: 1My
dh 81
Tank D: av _ 16 h*
dh 6561
av
) dh gt _ 20
c) Tank A: E =V 16”(
dh 3
df _ 20 _ 15 _ .o
dt|,., 167 /6 166
3
Tank B: @ = 20 =0.597
dt |6 @(6)
9
Tank C: @ = 20 =0.895
dt |6 &(6)
81l
TakD: P 220 o0
dt he6 167 (6)4
6561

d) Answers are approximately equal. The slight discrepancies between the computed values and
the displayed values are due to the discrete algorithm used to generate the simulations.
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APCD CALCULUS: RELATED RATES
Worksheet to Accompany Exploration, Part 2

TEACHER’'SNOTESFOR WORKSHEET
Time of year to use: This extension can be used as an assignment following the worksheet

accompanying the Exploration. Or this extension can serve as areview of the topic “ Related Rates.”
Students should aready know how to find the volumes of solids of revolution and find related rates.

Answers:
1 k=2
64
2.
y
Q
X
4 4
9
=—X
Y 64

3y2jdy_@_271434 V(6 J:r[[ jdy 138.095

dv d 16 1677
4, — =— = Yh?
( J—jy %—1r

dh 381
dh _L_&_o:gg? =0.4: dn :L=0.521
dt h=9 16”\/_1 16 dt h=6 @336
o 1
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