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Volumes of Solids of Revolution

So, the volume of the solid we get when we rotate the region bounded by y x= + 2  and 
y ex=  about the line y = !2  is: 

VOLUME of red solid – VOLUME of green solid

= ! 2 2

2
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# x dx
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.
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x
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 = 19.724 or 19.725.

I have found that students are better able to focus on the idea of the solid of revolution as 
a diff erence of two solids if I do not emphasize the role of limit notation in this process. 
Th erefore, in each example that follows, I will show how to write the volume of each red 
disk and each green disk, and then will refer to the defi nite integral as the sum of infi nitely 
many disks.

Example 2. Line of Rotation Above the Region to 
Be Rotated

Now let’s rotate the same region about y = !2y = !2y x= + 2. We’re rotating the region bounded by 
y x= + 2  and about the line y = !2y = !2y x= + 2.

Th e solid will be made up of red disks minus green disks.

To draw the red disks that make up the solid, fi rst 
draw the radius from the orange line of rotation 
through the original shaded region until you get 
to the outside of the region. Stop at the blue curve. 
From the orange line of rotation through the 
shaded region, we move down (vertically). Vertical 
is the y direction, so the red radius involves “y”. 
Now yblue goes from the x-axis to the blue curve. 
Th is is not the red radius. 

Notice that yblue + radius = 2. Th erefore, the radius r 
of each red disk is r = 2 – yblue. Th e radius of the red 
disk is vertical; the thickness (height) is horizontal. 
Since horizontal is the x direction, the thickness is 
!x , and the volume is ! r thickness

2
! . 

Since yblue = ex , we have:
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Volume of each red disk = ! r x
2
!  = ! (2 – yblue)2 !x  = ! 2

2

"( )e x
x

# .

As in Example 1, the red disks are stacked up from x = –1.980974 on the left  to x = 
0.44754216 on the right. We use a defi nite integral to add up an infi nite number of these 
red disks. Th is gives us: 

Volume of red solid = ! 2
2

1 980974

0 44754216

"( )
"

# e dx
x

.

.

 = 16.406065.

We will now fi nd the volume of the green disks creating the hole.

To draw the green disks that create the hole, fi rst 
draw the radius from the orange line of rotation 
until you hit the edge of the original shaded region. 
Stop at the purple curve. From the orange line of 
rotation, we move down (vertically) to the edge 
of the shaded region. Vertical is the y direction, 
so the green radius involves “y”. Note that ypurple 
goes from the x axis to the purple curve. Th is is 
not the green radius. Notice that ypurple + radius = 
2. Th erefore, the radius r of each green disk is r = 
2 – ypurple. 

Th e volume of one disk is ! r thickness
2
! . Once 

again, since the radius of the green disk is vertical, 
the thickness (height) is horizontal. And since horizontal is the x direction, the thickness 
is !x . Since ypurple = x + 2 , we have:

Volume of each green disk = ! r x
2
"  = ! (2 – ypurple)2!x  = ! 2 2

2

" +( )x x# .

Again, the green disks are stacked up from x = –1.980974 on the left  to x = 0.44754216 on 
the right, and we use a defi nite integral to add up an infi nite number of these green disks. 
Th is gives us:

Volume of green solid = ! 2 2

2

1 980974

0 44754216

" +( )
"

# x dx

.

.

 = 7.870360.
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Volumes of Solids of Revolution

So, the volume of the solid we get when we rotate the region bounded by y x= + 2  and 

y ex=  about the line y = !2y = !2y x= + 2 is: 

VOLUME of red solid – VOLUME of green solid

= ! 2
2

1 980974

0 44754216

"( )
"

# e dx
x

.

.

 – ! 2 2

2

1 980974

0 44754216

" +( )
"

# x dx

.

.

 = 8.5357 = 8.535 or 8.536.
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Example 3. Line of Rotation to the Left of the 
Region to Be Rotated

Now let’s rotate around the vertical line x = !3 . We will rotate the region bounded by 
y x= + 2  and y ex=  about the line x = !3 .  

Our solid will be made up of red disks 
minus green disks. To draw the red 
disks that make up the solid, fi rst draw 
the radius from the orange line of 
rotation through the original shaded 
region until you get to the outside of 
the region. Stop at the blue curve. From 
the orange line of rotation, we move 
right (horizontally) through the shaded 
region. Horizontal is the x direction, so 
the red radius involves “x”. Now xblue is 
the x-coordinate of a point on the blue 
curve, and can be pictured as running 
horizontally from the y-axis to the blue 
curve. Th is is not the radius. 

Notice that, in the fi rst quadrant, radius = 3 + xblue where xblue is positive. In the second 
quadrant,

radius = 3 – the distance from the y-axis to the blue curve.

But xblue is negative, so this distance is |xblue| = – xblue and we have radius = 3 – (– xblue) = 
3 + xblue. Th erefore, the radius r of each red disk is r = 3 + xblue.

Th e volume of one disk is ! r thickness
2
! . Since the radius of the red disk is horizontal, 

the thickness (height) is vertical. And since vertical is the y direction, the thickness is !y . 
Since yblue = ex , then xblue = ln y and we have:

Volume of each red disk = ! r y
2
!  = ! (3 + xblue)2!y  = ! 3

2

+( )ln y y" .

Once again, we use a defi nite integral to add up an infi nite number of these red disks. Th e 
red disks are stacked up from y = 0.1379348256 on the bottom to y = 1.564462259 on the 
top. Th is gives us:

Volume of red solid = ! 3
2

0 1379348256

1 564462259

+( )" ln

.

.

y dy .
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We will now find the volume of the green disks creating the hole. To draw the green disks 
that create the hole, first draw the radius from the orange line of rotation until you hit 
the edge of the original shaded region. Stop at the purple curve. From the orange line 
of rotation, we move right (horizontally) through the shaded region. Horizontal is the x 
direction, so the green radius involves x. Now, xpurple is the x-coordinate of a point on the 
purple curve and can be pictured as running horizontally from the y-axis to the purple 
curve. This is not the radius. Notice again that in the first quadrant, radius = 3 + xpurple 
where xpurple is positive. In the second quadrant,

radius = 3 – the distance from the y-axis to the purple curve.

But xpurple is negative, so this distance is |xpurple| = –xpurple and we have 
radius = 3 – (–xpurple) = 3 + xpurple. Therefore, the radius r of each green disk is r = 3 + xpurple. 
Since ypurple = x + 2 , then xpurple = y2 2!  and we have:

Volume of each green disk = ! !r y
2
" = (3 + xpurple)2 !y = + !( )( ) "# 3 2

2
2

y y .

The volume of one disk is ! r thickness
2
! . Since the radius of the green disk is horizontal, 

the thickness (height) is vertical. And since vertical is the y direction, the thickness is !y .

Again, we use a definite integral to add up an infinite number of these green disks stacked 
up from y = 0.1379348256 on the bottom to y = 1.564462259 on the top. This gives us:

Volume of green solid = ! 3 2
2

2

+ "( )( )# y dy
0.1379348256 

1.564462259

.

So, the volume of the solid we get when we rotate the region bounded by y x= + 2  and 
y ex=y x= + 2 about the line x = !3y x= + 2 is: 

VOLUME of red solid – VOLUME of green solid

= ! 3
2

0 1379348256

1 564462259

+( )" ln

.

.

y dy  – ! 3 2
2

2

+ "( )( )# y dy
0.1379348256 

1.564462259

 =15.5387 = 15.538 or 15.539.
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Example 4. Line of Rotation to the Right of the 
Region to Be Rotated

Let’s now rotate about the line x = 1.. We will rotate the region bounded by y x= + 2  
and y ex=  about the line x = 1.. 

Our solid will be made up of red disks minus green disks. To draw the red disks that 
make up the solid, fi rst draw the radius from the orange line of rotation through the 
original shaded region until you get to the outside of the region. Stop at the purple curve. 
From the orange line of rotation, we move left  (horizontally) through the shaded region. 
Horizontal is the x direction, so the red radius involves “x”. Note that xpurple goes from the 
y-axis to the (purple) curve. Th is is not the radius. Notice that in the fi rst quadrant, radius 
+ xpurple = 1 where x is positive. Or radius = 1 – xpurple. In the second quadrant, 

radius = 1 + the distance from the y-axis to the purple curve.

But xpurple is negative, so this distance is |xpurple| = –xpurple and we have 
radius = 1 + (–xpurple) = 1 – xpurple. Th is is the same expression for the radius as in the fi rst 
quadrant. Th erefore, radius = 1 – xpurple.

Th e volume of one disk is ! r thickness
2
! . Since the radius of the red disk is horizontal, the 

thickness (height) is vertical. And since vertical is the y direction, the thickness is !y . 
We use a defi nite integral to add up an infi nite number of these red disks stacked up from 
y = 0.1379348256 on the bottom to y = 1.564462259 on the top. Th is gives us:

Volume of red solid = ! 1 2
2

2

" "( )( )# y dy
0.1379348256 

1.564462259

.

We will now fi nd the volume of the green disks creating the hole.

To draw the green disks that create the 
hole, fi rst draw the radius from the 
orange line of rotation until you hit the 
edge of the original shaded region. Stop 
at the blue curve. From the orange line 
of rotation, we move left  (horizontally) 
through the shaded region. Horizontal 
is the x direction, so the green radius 
involves “x”. Now xblue goes from the 
y-axis to the blue curve. Th is is not the 
radius. Notice that in the fi rst quadrant, 
radius + xblue = 1 where xblue is positive, or 
radius = 1 – xblue.
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Volumes of Solids of Revolution

In the second quadrant,

radius = 1 + the distance from the y-axis to the blue curve.

But xblue is negative, so this distance is | xblue| = –xblue and we have

radius = 1 + (–xblue) = 1 – xblue. This is the same expression for the radius as in the first 
quadrant. Therefore, radius = 1 – xblue.

The volume of one disk is ! r thickness
2
! . Since the radius of the green disk is horizontal, 

the thickness (height) is vertical. And since vertical is the y direction, the thickness is !y .

We use a definite integral to add up an infinite number of these green disks stacked up 
from y = 0.1379348256 on the bottom to y = 1.564462259 on the top. Since yblue = ex , then 
xblue = ln y  and we have:

Volume of green solid = ! 1
2

"( )# ln y dy
0.1379348256 

1.564462259

.

So, the volume of the solid we get when we rotate the region bounded by y x= + 2  and 

y ex=  about the line x = 1. is: 

VOLUME of red solid – VOLUME of green solid

= ! 1 2
2

2

" "( )( )# y dy
0.1379348256 

1.564462259

 – ! 1
2

0 1379348256

1 564462259

"( )# ln

.

.

y dy  = 12.72067 = 12.720 or 12.721.

If the x- or y-axis is the line of rotation, the problem can be done in the same way as the 
four examples shown here. The radius will just be the appropriate x or y value. Yes, there 
are patterns in the integrand depending on the line of rotation. But there is no reason 
to memorize patterns and take the chance of making a mistake. A drawing is all that is 
needed to get a problem of this type set up correctly.
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AP Examination Questions

Problems from any calculus book can be used to practice this concept. Be careful, however, 
that you don’t assign problems where the line of rotation goes through the interior of the 
shaded region. This situation can be interesting but also can involve some tedious algebra. 
You will notice when looking at the problems in the list below that there has never been an 
AP question where the line of rotation goes through the interior of the shaded region.

Since 1997 the following free-response questions from the AP Calculus examinations have 
involved revolving a region about a horizontal or vertical line.

1997 AB2d line of rotation x-axis

1998 AB/BC1c line of rotation x-axis

AB/BC1d line of rotation x-axis

1999 AB/BC2b line of rotation x-axis

AB/BC2c line of rotation y = k
2000 AB/BC1b line of rotation x-axis

2001 AB1c line of rotation x-axis

2002 AB/BC1b line of rotation y = 4
2002B AB1b line of rotation x-axis

BC3b line of rotation x-axis

2003 AB/BC1b line of rotation y = 1
2003B AB1c line of rotation x-axis

2004 AB/BC2 line of rotation y = 2

2004B AB1c line of rotation y = 3
AB1d line of rotation x = 4
BC5b line of rotation x-axis

2005 AB/BC1c line of rotation y = –1
2005B AB1b line of rotation x-axis

BC6b line of rotation x-axis

2006 AB/BC1b line of rotation y = –3
AB/BC1c line of rotation y-axis

2006B AB/BC1b line of rotation y = –2
2007 AB/BC1b line of rotation x-axis

2007B AB/BC1c line of rotation y = 1
2008B AB1b line of rotation x = –1
2008B BC4b line of rotation x-axis

For a complete listing of free-response questions, you can access  
apcentral.collegeboard.com/apc/public/exam/exam_questions/index.html.

Practice Problems

1.	 Find the volume of the solid resulting from rotating the region enclosed by y x=
2  

and y x=
3  about the vertical line x = 1.

2.	 Find the volume of the solid resulting from rotating the region enclosed by 
y x= sin  and y x=

2  about the horizontal line y = 1.

3.	 Find the volume of the solid resulting from rotating the region enclosed by y x=
2  

and y x=
3  about the vertical line x = !1y x= + 2.

4.	 Find the volume of the solid resulting from rotating the region enclosed by 
y x= sin  and y x=

2  about the horizontal line y = !1y x= + 2.
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Solutions to Practice Problems

1.	 The radius of each large (red) disk is horizontal.  
Red radius = 1 – xpurple (outside) = 1 – y .

	 Volume of the red solid = ! 1
2

0

1

"( )# y dy .

	 The radius of each small (green) disk is also horizontal. 
Green radius = 1 – xblue (inside) = 1 – y3 .

	 Volume of the green solid = ! 1 3

2

0

1

"( )# y dy .

	 Volume of the solid of revolution = ! 1
2

0

1

"( )# y dy  – ! 1 3

2

0

1

"( )# y dy  = 0.209.

2.	 The radius of each large (red) disk is vertical. 
Red radius = 1 – yblue (outside) = 1 – x2 .

	 Volume of the red solid = ! 1 2
2

0

0 8767

"( )# x dx

.

.

	 The radius of each small (green) disk is also vertical. 
Green radius = 1 – ypurple (inside) = 1 – sin x .

	 Volume of the green solid = ! 1
2

0

0 8767

"( )# sin

.

x dx .

	 Volume of the solid of revolution = ! 1 2
2

0

0 8767

"( )# x dx

.

 – ! 1
2

0

0 8767

"( )# sin

.

x dx  = 
0.573.

3.	 The radius of each large (red) disk is horizontal. 
Red radius = 1 + xblue (outside) = 1 + y3 .

	 Volume of the red solid = ! 1 3

2

0

0 8767

+( )" y dy

.

.

	 The radius of each small (green) disk is also horizontal. 
Green radius = 1 + xpurple (inside) = 1 + y .

	 Volume of the green solid = ! 1
2

0

0 8767

+( )" y dy

.

.

	 Volume of the solid of revolution = ! 1 3

2

0

0 8767

+( )" y dy

.

 – ! 1
2

0

0 8767

+( )" y dy

.

 = 
0.822.
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4.	 The radius of each large (red) disk is vertical. 
Red radius = 1 + ypurple (top) = 1 + sin x .

	 Volume of the red solid = ! 1
2

0

0 8767

+( )" sin

.

x dx .

	 The radius of each small (green) disk is also vertical. 
Green radius = 1 + yblue (bottom) = 1 + x2 .

	 Volume of the green solid = ! 1 2
2

0

0 8767

+( )" x dx

.

.

	 Volume of the solid of revolution = ! 1
2

0

0 8767

+( )" sin

.

x dx  – ! 1 2
2

0

0 8767

+( )" x dx

.

 = 1.131 
or 1.132.
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